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our theta temperature defined by the condition A; = 0, i.e.,
kB/e ~ 3.71, is not very different from the theta tempera-
ture reported for the same model by McCrackin, Mazur,
and Guttman, which is based on dimensional analysis of a
single chain (k0/e = 3.64).

We are grateful to Dr. J. Orban for interesting discus-
sions and to the referees (anonymous) for helping us to
bring this paper into its final form.
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ABSTRACT: A lattice theory is developed to treat interfaces involving concentrated polymer solutions. The free
energy is written in terms of the concentration profile and the anisotropy probabilities for polymer bond directions.
Minimization of this free energy with appropriate constraints leads to formulas for the interfacial features. One of
these constraints, unique to polymer systems, links the concentration profile to the bond anisotropy. Numerical re-

sults are presented in the following paper.

The Flory-Huggins theory! has contributed substantial-
ly to the understanding of concentrated polymer solutions.
Besides providing quantitative formulas for thermodynam-
ic predictions, it has given us insight into the statistical ori-
gins of the various free-energy terms. In the present work
we employ a lattice model to provide an understanding of
the molecular considerations which give rise to interfacial
free energy and determine the average arrangement of
polymer molecules at interfaces.

The model we shall adopt has its origins in the interfa-
cial cell theories of Ono? and Ono and Kondo,? developed
for the analysis of small molecule systems. Ash, Everett,
and Findenegg? considered molecules which could occupy
several cells. An extension to polymers presented by Roe®
has been discussed elsewhere.?

This paper continues a series of contributions®-® aimed
at developing and applying a general theory of inhomo-
geneous polymer systems. In some of the works the contin-
uous Gaussian random walk model has been used for the
statistics of polymer conformations. Applications have
been made to block copolymers,” to the polymer—polymer?
and polymer solution-solvent® interfaces. The Gaussian
random walk statistics should be appropriate when the
scale of the inhomogeneity is large compared with the
length of a polymer segment. For the interface problem
“scale of inhomogeneity” refers to some measure of the re-
gion of significant phase mixing. It is difficult to say a prio-
ri how useful the Gaussian model will be for narrower inter-
faces. An alternative approach is the use of lattice statis-
tics. One application of the lattice model already reported®
is to the polymer-polymer interface problem. In the
present paper these ideas are extended to the description
of interfaces involving concentrated solutions.®

Our exposition begins with a specification of the lattice
model. The major theoretical development is the derivation
of a formula for the system’s entropy. The entropy is com-
bined with a random contact heat of mixing expression,
and the resulting free energy is minimized, subject to ap-

propriate constraints, to produce formulas for the systems’
features. One of these constraints, which we call the “flux
constraint”, is unfamiliar, so it is discussed extensively in
section V.,

Numerical solutions of the equations, together with a
qualitative discussion of phenomena, are presented in the
following paper.!? There, too, one finds a brief summary of
the major features of this paper.

There is a strong parallel between the present work and
our earlier lattice theory of polymer-polymer interfaces.
We have tried to make this report reasonably self-con-
tained, but some material is presented in greater detail in
ref 6, although minor adaptions are necessary.

I. The Model

We will consider that np polymer units and n, solvent
molecules fill a lattice of n sites:

n=n,+np (I.1)

The lattice is regarded as consisting of layers labeled with
the index . Each layer contains ng cells.

There are two types of problems: either we have an inter-
phase between a saturated polymer solution and solvent, in
which case we allow [ to run from —« (solvent) to +
(polymer solution); or we have in mind that there is an im-
penetrable wall, whereupon we let | go from 1 to =, The
theories are so similar we present them simultaneously.

Each cell of the lattice has z nearest neighbors. If there is
a polymer unit in a cell, the next unit along the chain can
be in any of the z neighboring cells. (We will not take ac-
count of bond-angle restrictions or weighting of rotational
states, although it could be done, as indicated in ref 6.)

For treatments of an inhomogeneity in the [ direction it
is necessary to specify that, of the z neighbors, a fraction m
are in the layer above, a fraction m are below, and a frac-
tion (1 — 2m) are in the same layer.

The polymer molecules will be taken as being of ex-
tremely high molecular weight so that all units of the poly-
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mer will be regarded as middle segments. Some of the fac-
tors of importance if the molecular weight were finite have
been alluded to in ref 6 and 7.

For purposes of calculating the entropy we will arbitrari-
ly assign names to the polymer units and solvent molecules
in the following manner. If the degree of polymerization is
Z (a large number) label the units of one of the macromole-
cules k = 1 to Z. Then label (n,/np)Z (or the nearest inte-
gral number) solvent molecules withk = Z + 1 to Z + (no/
np)Z. Proceed in this alternate fashion so that to within
order (Z/k) the ratio of labeled polymer units to solvent is
no/np at any k. The state of the system can be specified by
indicating the cells # = ry, ro, ..., r, in which polymer
units and solvent molecules 1, 2, .. ., n are located. Though
Flory and Huggins derive their results by first adding all
the polymer and then the solvent, for a homogeneous sys-
tem the formula can be derived by adding units in any
order, as will be seen below.

II. Entropy

Our fundamental task in calculating a useful approxi-
mate entropy will be to obtain an estimate for the probabil-
ity P(R) of a state . There are some evident limitations
on allowed states 7. The first is that given the cell, rp—1,
occupied by a polymer unit 2 — 1, r, must be one of the z
neighboring cells. The second is that two units, polymer or
solvent, may not occupy the same cell. The latter condition
makes the stochastic process of filling the lattice non-Mar-
koffian. Subsequently we will handle this prohibition
against double occupancy in a mean-field manner, in the
fashion of Flory and Huggins.

Let us temporarily remove the restriction against double
occupancy, and call the probability of a state in that case
PO(R). In ref 6 we have argued that as a mean-field ap-
proximation we may regard the process of filling the lattice
as Markoffian. By this we mean that the conditional proba-
bility p(re| Re—1; k) that a unit k goes into cell r; given
that the earlier units went into cells Bp—y =1y, ro, ...,
ri—1 depends only on the cell that & — 1 is in:

(IL.1)

The influences of all units besides & and & — 1 are treated
in a mean sense. In that case we can write P as

p(re| Re-1,k) = p(ri|re-1,k)

n
PO(R) = kHI plre|rr-1k) (IL2)
Let us consider that k refers to a polymer unit. In keep-
ing with our assumption that the degree of polymerization
is large, let k be a unit not near a chain end. When the sys-
tem is uniform, all cells neighboring r,- are equally likely
for unit k so

phomoe(r,lr,_1R) = 1/z (IL.3)
Under inhomogeneous conditions p(rx|rg—i;k) is a func-
tion of the level [ of cell r,_;. It also depends on a variable
v which tells whether the layer index of ry is greater than,
the same as, or less than the layer index of rg-1-

+ if the +1
v = {0 } (layer of rp) — (layerof rp—1) =4 0

(I1.4)

Thus, in the inhomogeneous case, we should introduce an
anisotropy factor, and write

prelrr_,R) =gr/z (I1.5)

A g¥ greater than unity indicates a greater than random
chance for a bond with one end on the level [ to go to a cell
in the v direction. How to make g;” compatible with a given
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density distribution, and how to calculate it will be the
subject of section IV.

In the following discussion we will need the joint proba-
bility p(rg,re—1;k) of polymer units & — 1 and k& being in
ry—1 and rg, respectively. The joint and conditional proba-
bilities are related by

p(re,xe—1,k) = p(re|rr-1,R)plre-;k — 1)  (IL6)
Here p(rg;k) is the probability that unit & is in cell r.
When £ is a polymer unit

plrek) = gp/np (IL.7)

where ¢p is the volume fraction of polymer in layer [.
When k refers to a solvent molecule, there is no correla-
tion with molecule £ — 1 so

(11.8)
(I1.9)

p(re|re—1,k) = p(rik)
= ‘Plo/no

where ¢, is the volume fraction of solvent in layer [. Note
that the explicit & variable in the p’s serves only to tell us
whether the unit is polymer or solvent.

To restore the restriction against multiple cell occupany
we can write

P(R) = PO(R) A(R)/V (I1.10)

where A(7?) is a factor which equals unity if # has no mul-
tiple occupancies and zero otherwise. Since A(R) elimi-
nates many states, the probability P must be renormalized
to unity, which is the role of ¥.

A physical significance can be attached to ¥ by noting
that

¥ =3 POYR)A(R) (I1.11)
R

is the fraction of all states # which have no overlaps. Fol-
lowing Flory and Huggins we obtain a mean-field estimate
of V. Consider a sequential filling of the lattice with units
1, 2, ..., n, in that order. Because the procedure of alter-
nate addition keeps the composition essentially constant,
the lattice is filled homogeneously. An estimate of the
probability that the (k + 1)st unit will enter a cell not pre-
viously occupied is {1 — (k/n)]. This may be termed a
mean-field estimate in that it neglects correlations. [Most
seriously, when & is polymer it neglects the correlation with
the (k& — 1)st unit. This type of correlation is a form of
bond angle condition (prohibition of 180° bond angle) and
can be treated in a more detailed theory by introducing
higher order correlation functions.} Using the uncorrelated
estimate we obtain for ¥, which is the probability of no
overlap on every step,

=[]

~p—n

(1I1.12)

(I1.13)

As can be seen, no reference has been made to the order of
addition of polymer and solvent.

The object of the discussion, to this point, has been to
enable us to write a formula for the entropy in terms of a
few simple functions, viz., the ¢’s and g’s, for which formu-
las will be obtained by minimizing the free energy. In gen-
eral the entropy is

S = —kp ZP(R) log P(R) —

kplog (Npln,!) — ksNplog 2 (I1.14)

where kg is Boltzmann’s constant, and Np = np/Z is the
number of polymer molecules. The last two terms of eq
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I1.14 account for symmetry with respect to interchange of
molecules and end-to-end inversion of the polymer mole-
cules. Substituting the explicit form, eq 11.10, for P(R) we
find

S = kplog ¥ — % > PO(R)A(R) log PO(R) —
R

kplog (Nplny!) — ksNplog2 (IL.15)

We now assume that of all states which have a probability
PO R) = P’ a fraction ¥ have no multiple occupancy, in-
dependent of P’. This assumption is in keeping with the
mean-field estimate of ¥.# The summation in eq I1.15 can
then be extended to all states, rather than being restricted
to nonoverlapping states by the factor A(R), but the re-
stricted sum is ¥ times the unrestricted sum

1

- Z PO RYA(R) log P(O)(ﬂ) =

¥z

1
JAP'P'log P 3 A(RI[PO(R) = P~
R
SdP'P'log P’ Y 6[PO(R) — P'] =
R

Z P(O)(j{) log P(O)(j{)
R

(I1.16)

Next insert the mean-field (Markoffian) approximation for
PO R)

PO(R)= I p(rek) 11

k ¢ solv ke polym

and by substituting eq I1.5 to I11.9 we find

p(re|rp—1;k) (IL17)

S = kgnplog (z/e) + ASmix (11.18)
ASnix = —kpns ; {e10 log ¢io + @ip [mgi* log g1 +
(1 —2m)g°log g:°+ mg~log g,~]} + 0(1/Z) (11.19)

The intermediate steps needed to get from eq I1.15 to I1.19
are similar to the steps taken to get from eq II1.17 to I111.25
in ref 6 and presented in greater detail there. The terms in-
versely proportional to the degree of polymerization, aris-
ing from translation freedom of polymer molecules and end
corrections to conformational statistics, will be disregarded
because of the high degree of polymerization assumed.

The entropy of mixing has been correctly identified in eq
11.18 since kgnp log (2/e) is the entropy of pure polymer.
The entropy of pure solvent is zero in this model because
internal degrees of freedom have been disregarded all
along.

II1. Heat and Free Energy of Mixing, and Interfacial
Tension

The heat of mixing for a polymer-solvent system against
an inpenetrable wall will be taken in random mixing form,!
modified for inhomogeneity:

AHix = x kBT nsg ; epleio + mlgir10 — 2610 +

ei-1,0)] + ksTngm(xpeip + Xow10) (II11)

where T is temperature. When a wall is present the ! sum
goes from 1 to «. The last term allows for specific interac-
tions between the wall and the units in the first layer. This
will contribute to specific adsorptions. On the other hand,
if we are considering the interphase between a solvent and
a polymer solution we omit the final term and let ! vary
from —« to +=.
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In use, we may allow xkpT to be temperature depen-
dent, in which case eq IIL.1 represents not a heat but a free
energy (called contact or interchange free energy).

The total free energy of mixing is

AF iy = AH iy ~ TASix (111.2)

For a variety of purposes we will need expressions for the
chemical potential of the polymer and solvent. These we
will take as being of the form given by the Flory-Huggins
theoryl!

Auo/kBT = x(ep*)? + log @o* + ¢p*
Aup/kBT = x(0o*)? = @o*

where ¢,* and ¢p* = 1 — ¢,* are the volume fractions of
solvent and polymer in the solution phase. Equations IIL.3
and IIL.4 are compatible with the above formula for the
free energy of mixing.

In the case of a solution-solvent interface the chemical
potential of solvent must be the same in both phases. Since
one phase is pure solvent, the bulk concentration of solvent
is determined by

0= Auo/kBT = x(1 — ¢,*)2 + log wo* + (1 — ¢o*)

(I11.3)
(I11.4)

(111.5)

For the polymer solution against a wall ¢,* is an indepen-
dent parameter which may be varied from zero to the satu-
ration value given by eq IIL.5.

The surface tension is defined by subtracting from the
total free energy the free energy of the molecules in uni-
form phases

ynga = AF®™X — g Ay — npAup (ITL.6)

where ¢ is the cross-sectional area of a cell. (Since ApV on
mixing is zero for a lattice model, pressure-volume terms
and the difference between Helmholtz and Gibbs free ener-
gy do not concern us.)

IV. Equations for the Concentration Profile and
Anisotropy Factors

Equations for the concentrations ¢, and ¢;p, as well as
for the anisotropy factors g;*, may be obtained by minimiz-
ing the free energy with respect to these variables. How-
ever, the unknowns are not all independent because they
are subject to a number of constraints. The fixed numbers
of polymer units and solvent molecules are related to the
volume fractions by

np =ns El: erp (Iv.1)
ne = ng El: ¢lo (Iv.2)
Complete occupancy requires that
apt =1 (IV.3)
The normalization of the anisotropy factors is
mgt + (1-2m)g®+mg~=1 (IV.4)

Finally, there is a relation between the ¢'s and g’s which we
call the flux constraint:

@p8it = o1 1,PEI+1” (IV.5)

This ensures that the number of bonds going up from layer
[ equals the number coming down from [ + 1, as demanded
by symmetry. Further aspects of the flux constraint are
discussed in the following section.

The constraints are introduced with Lagrange multi-
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pliers: Aup for eq IV.1 (we immediately use the explicit
form for this Lagrange multiplier, which from Grand Ca-
nonical Ensemble theory is known to be a chemical poten-
tial), Ay, for eq IV.2, kgTngw,f for eq IV.3, kgTngep(é; ~
1) for eq IV.4, and kgTngmA; for eq IV.5. The new vari-
ables are w;f, £, and A the other factors are introduced
for convenience. The function to be minimized is
AFmix -
kBTrLs

(ZZZ xlerplen + m(@1,0 = 2010 + G1-1,0)] =
‘PlP(@o*)2 - ‘PZO(WP*)Q} + @i IOg (‘Plo/‘ﬁo*) -

elovP™ + apee* +wif(op + 00— 1) +
ep[mgit(loggt + & — 1+ \) +
(1-2m)g,°(log gi° + & — 1) + mg," (log 8.~ +
= l-Me) =g+ 1))+

npdup + noAu,

+ Xo&10) + V.6
m(xpe1p + Xo¥10) nohnT (IV.6)
The result of the minimization is
g1° = exp(—§) (Iv.7)
gt =exp(—& - N\) (IV.8)
g~ = exp(—& + N-1) (IvV.9)

exp(&) = 1 + mlexp(=A) — 2 + exp(A;—1)] (IV.10)

$irLp

exp(—2X;) = ———exp(§ ~ &i+1) (IV.11)
©Lip
=&+ 2x[e10 — €o*] + 2mx(@i+1,0 = 2000 + @1-1,0) —
log(¢io/¢o*) + m(xp — x0)611 = 0 (IV.12)

Solutions of this set of difference equations will be present-
ed in the following paper.1?

Using eq IV.7 to IV.9 in eq II1.6 and IV.6, one obtains an
explicit form for the surface tension

- 1—- _ o *)2 +

kBT ; [—(1 = @) &1 — x (10 = @o™)

xm{(l = @10 (11,0 = 2¢10 + €1-10) +
¢Ylo lOg (‘010/‘00*) - (‘Plo - ﬁoo*)] +

[mxp — xo)(1 = ¢10) + mxo] (IV.13)

The summand directly vanishes for | deep into the solu-
tion, and it also vanishes for ! in the solvent phase (if
present) when eq II1.5 is used.

V. The Flux Constraint

In this section we will examine several facets of the flux
constraint, eq IV.5, relating the anisotropy factors to the
concentrations.

When we stated above that the flux constraint followed
by symmetry we were referring to the following argument.
For every conformation # there is another one of equal
probability in which the units of each polymer molecule are
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inserted in reverse order: 1 goes into rz, 2 into rz_1, etc. In
general, if the index & refers to a polymer molecule with in-
dices k' + 1 to k' + Z, then unit &’ + 1 would go into rp4z,

., unitk’+ Z — k + k' + 1 would go into g, unit &’ + Z
— k + k' + 2 would go intc re—1, ete. Therefore,

p(re,re_1;R) = p(re—p,re, +Z —-k+k'+2) (V.1)

The k dependencies are unimportant for k£ not near a chain
end, so the flux constraint follows from

1 1
p(Tr,Xe-1,k) = — gp—g/*
np . z

(v.2)
where [ is the layer of ry_; and v is the direction from the
layers of ry—; to rg.

Now let us look at the flux constraint in another manner,
which will also motivate the name. An equation of continu-
ity is

plrek) —plrpk —1) =

> p(rr,rr—1;k)

k-1

—plrgk—1) (V.3)
The first term on the right represents the probability of en-
tering cell ry at stage k, while the second term is the proba-
bility of leaving r; at stage k. The left-hand side of the
equation is zero by virtue of the stationarity of the stochas-
tic process; or, more fundamentally, because of the identity

of the units when end effects are neglected. Another form
ofeqV.3is

0=mgi-1Te~1p + (1 — 2m)g%ep +

mgi+1~er1,p — @p (V.4)
or in terms of “fluxes”
=—ji+ji-1 (V.5)
where
h=mgter — g1+17@1,p) (V.8)

is the “flux” from layer { to [ + 1. Equation V.6 says that
the flux is a constant, but since the flux vanishes at £« the
constant is zero, and the flux constraint follows.

A greater appreciation of the flux constraint, and of
other aspects of this theory, will be gained when one sees in
the next paper the types of interfacial effects which are in-
duced.
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